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Abstract: We reconsider a modification of the N -point amplitude of the Neveu-Schwarz
(NS) model in which the tachyon becomes a pion by shifting its mass to zero and keeping
the super-projective invariance of the integrand of the amplitude. For the scattering of
four particles it reduces to the amplitude written by Lovelace and Shapiro that has Adler
zeroes. We confirm that also the N -pion amplitude has Adler zeroes and show that it
reduces to that of the non-linear σ-model for α′ → 0 keeping Fpi fixed. The four- and six-
point flavour-ordered amplitudes satisfy tree-level unitarity since they can be derived from
the correspondent amplitudes of the NS model in ten dimensions by suitably choosing the
components of the momenta of the external mesons in the six extra dimensions. Negative
norm states (ghosts) are shown to appear instead in higher-point amplitudes. We also
discuss several amplitudes involving different external mesons.ar
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1 Introduction
Soon after Veneziano’s proposal for the pipipiω scattering amplitude [1], a model for pipi
scattering was proposed by Lovelace [2] and Shapiro [3] 1. According to this model the
three isospin amplitudes for pion-pion scattering are given by:
AI=0 =
3
2
(A(s, t) +A(s, u))− 1
2
A(t, u) ; AI=1 = A(s, t)−A(s, u) ; AI=2 = A(t, u) (1.1)
1See also Ref. [4].
– 1 –
where
A(s, t) = C4-pt
Γ(1− αρ(s))Γ(1− αρ(t))
Γ(1− αρ(s)− αρ(t)) with αρ(s) = α0 + α
′s (1.2)
and C4-pt is a constant fixed by the α
′ → 0 limit of the amplitude. The ρ Regge trajectory
αρ(s) was determined by requiring the Adler zeroes and imposing αρ(s = m
2
ρ) = 1. Taking
for simplicity massless pions one gets:
αρ(s) =
1
2
+ α′s ; α′ =
1
2m2ρ
(1.3)
In the meanwhile, the Veneziano model was extended to the scattering of four and then of N
scalar particles2 of mass m, related to the intercept of the Regge trajectory by the relation
α0 +α
′m2 = 0. Written in terms of Koba-Nielsen variables zi the N -point amplitude takes
the form:
AVMN (ki) =
∫ ∏N
i=1 dzi
dVabc
∏
i<j
(zi − zj)2α′kikj
N∏
i=1
(zi − zi+1)−α′m2−1 (1.4)
where z1 > z2 · · · > zN and dVabc = dzadzbdzc(za−zb)(za−zc)(zb−zc) . The invariance of the integrand
under projective transformations allows one to fix three variables and integrate over the
remaining N−3 variables. A convenient choice is z1 = ∞, z2 = 1 and zN = 0. Intro-
ducing vertex operators V (ki, zi) = e
ikiX(zi) for the external scalar particles, the previous
amplitude can be written as
AVMN (ki) =
∫ ∏N
i=1 dzi
dVabc
N∏
i=1
(zi − zi+1)−α′m2−1〈0|
N∏
i=1
V (ki; zi)|0〉 (1.5)
Another generalisation of the Veneziano model was the Ramond-Neveu-Schwarz model
that not only allowed to include external fermions [6] but also provided a more realistic
model for pi mesons. The scattering amplitude for N mesons with mass m was written as
follows [7]:
ANSN =
∫ ∏N
i=1 dzi
dVabc
N∏
i=1
(zi − zi+1)−α′m2− 12 〈0|
N∏
i=1
kiψ(zi)e
ikiX(zi)|0〉 (1.6)
where ψµ(z) are free world-sheet fermions. As already noticed in Ref. [7], in order to have
all the gauge conditions necessary to eliminate the negative norm states (ghosts), it is
necessary to require that the pion is actually a tachyon with a mass given by m2 = − 12α′ .
The NSR model has then critical dimension D = 10. After GSO projection, that alas
eliminates the tachyon/pion, the NSR model becomes the superstring theory.
For the previous value of the tachyon mass the NS model has been reformulated in
Ref. [8] and the N -point tachyon amplitude has been written as follows:
ANSN =
∫ N−1∏
i=2
dzi〈0, k1|
N−1∏
i=2
kiψ(zi)e
ikiX(zi)|0, kN 〉 (1.7)
2For a complete set of references concerning these early developments see Ref. [5].
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where one can fix the Mo¨bius invariance by choosing z1 = ∞, z2 = 1 and zN = 0. This
amplitude can be rewritten in a more compact way by resorting to a super-conformal
formalism in two dimensions whereby one associates an anticommuting variable θ with the
Koba-Nielsen variable z and defines a superconformal field X (z, θ) = X(z) + θψ(z) that is
a function of both z and θ [9–11]. Introducing the superconformal vertex operator:
VNS(z, θ; k) = e
ikX (z,θ) (1.8)
one can write the amplitude in Eq. (1.7) as follows [9–11]:
ANSN =
∫ ∏N
1=1 dZi
dVabc
〈0|
N∏
i=1
eikiX (zi,θi)|0〉 =
∫ ∏N
1=1 dθidzi
dVabc
∏
i<j
(Zi − Zj)2α′kikj (1.9)
where α′k2i =
1
2 and
Zi − Zj ≡ zi − zj − θiθj ; dZi ≡ dzidθi ; dVabc = dZadZbdZc
[(Za − Zb)(Za − Zc)(Zb − Zc)]
1
2
1
dΘ
(1.10)
Θ is the super-projective invariant variable:
Θ = θc
[
Za − Zb
(Za − Zc)(Zb − Zc)
] 1
2
− θb
[
Za − Zc
(Za − Zb)(Zb − Zc)
] 1
2
+θa
[
Zb − Zc
(Za − Zb)(Za − Zc)
] 1
2
− θcθbθa
[(Za − Zb)(Za − Zc)(Zb − Zc)]
1
2
(1.11)
In deriving (1.9) one has to use the contraction rule
〈X µ(Z)X ν(W )〉 = −2α′ log(Z −W ) (1.12)
The modified Mo¨bius volume indicates that one must fix two variables θi to be zero besides
fixing three zi. This is a consequence of the fact that the integrand of the previous expres-
sion is invariant under super-projective transformations. Actually recall that, for α′k2i =
1
2 ,
the theory is fully super-conformal invariant and this insures the elimination of all ghosts.
Originally both the amplitudes in Eqs. (1.4) and (1.9) were supposed to describe
mesons as the pions that are multiplets of U(Nf ) where Nf is the number of flavours. In
order to include flavour, Chan and Paton [12] proposed to multiply the previous amplitudes
with the so-called Chan-Paton factors given by the trace of the product of the generators
of U(Nf ): Tr(T
a1T a2 . . . T aN ). The total amplitude is then obtained by summing over the
(N−1)! non-cyclic permutations of the external legs. Only a bit later the requirement of
absence of ghosts forced the meson to become a tachyon and the presence of a massless
vector meson. At this point it was clear that the Chan-Paton factors in string theory
describe colour rather than flavour.
An early attempt to construct a N -pion amplitude with the Adler zeros was made in
Ref. [13], however, it was affected by the presence of tachyons as for the NS model. On
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the other hand, keeping k2i 6= 12α′ , Eq. (1.6) can be reformulated in the superconformal
formalism in two dimensions as done for Eq. (1.9). The resulting N -point amplitude reads:
ANT−SN =
∫ ∏N
1=1 dZi
dVabc
〈0|
N∏
i=1
eikiX (zi,θi)|0〉
N∏
i=1
(Zi − Zi+1)− 12−α′m2pi
=
∫ ∏N
1=1 dθidzi
dVabc
∏
i<j
(Zi − Zj)2α′kikj
N∏
i=1
(Zi − Zi+1)− 12−α′m2pi (1.13)
This amplitude coincides with the models proposed by Neveu and Thorn [14] and by
Schwarz [15], whence the super-script NT-S. The manifestly super-projective invariant
expression (1.13) that we explicitly gave above was neither written down in [14, 15] nor in
[9].
The integrand of this amplitude is super-projective invariant for any value of the mass
mpi, but one often considers mpi = 0 to start with as we will do in the following. The four-
pion amplitude precisely reproduces the Lovelace-Shapiro model and theN -point amplitude
generalizes it to the scattering of N pions. As before the total amplitude is obtained by
multiplying it with a Chan-Paton factor and then by summing over the (N−1)! non-cyclic
permutations of the external legs. The vector meson, that would be massless in the NS
model in D = 10, becomes the massive ρ-meson. As a consequence and at variant from
‘modern’ (super)string theory, the Chan-Paton factors describe flavour rather than colour
degrees of freedom.
Unlike the amplitude in Eq. (1.9) that comes from a consistent string theory which
is fully super-conformal invariant and is free from ghosts, the one in Eq. (1.13), not
being directly connected to any string theory, is only invariant under super-projective
transformations and may exchange negative norm states (ghosts). However, as originally
discussed in [14] and reproduced in a different form in Sect. 3, four and six-point flavour
ordered amplitudes in Eq. (1.13) can be derived from those of the string amplitudes in Eq.
(1.9) by suitably choosing the momenta of the tachyons along the six extra dimensions.
Therefore we show that they are free of ghosts. Ghosts are on the other hand expected
even in flavour-ordered amplitudes with a higher number of external legs and they may
appear in the full/total six-pion amplitudes.
As shown in [16] and reviewed in App. B, the integral over the variables θi can be
performed and one gets:
ANT−SN = CN-pt
N−1∏
i=3
∫
dzi
N∏
i=2
∏
i<j
(zi − zj)2α′kikj
N−1∏
i=2
(zi − zi+1)− 12
√
detA (1.14)
where A is the following antisymmetric matrix
A =

0 2α
′K2K3
z2−z3
2α′K2K4
z2−z4 . . .
2α′K2KN−1
z2−zN−1
−2α′K2K3z2−z3 0 2α
′K3K4
z3−z4 . . .
2α′K3KN−1
z3−zN−1
−2α′K2K4z2−z4 −2α
′K3K4
z3−z4 0 . . .
2α′K4KN−1
z4−zN−1
. . . . . . . . . . . . . . .
−2α′K2KN−1z2−zN−1 −
2α′K3KN−1
z2−zN−1 −
2α′K4KN−1
z4−zN−1 . . . 0

(1.15)
– 4 –
Figure 1. Spectrum of NS (left) and LS (right) model in four dimensions, Regge trajectories in blue
(red) have G-parity +1 (−1). Bullets represent ‘physical’ states, open circles represent ‘missing’
states.
and the scalar product KiKj is defined by
KiKj = kikj − 1
4α′
if j = i± 1 ; KiKj = kikj if j 6= i± 1 (1.16)
For an antisymmetric matrix, such as A,
√
detA is also called the Pfaffian: PfaffA. The
normalization factor in front of Eq. (1.14) is fixed by the factorization properties of the
N -pion amplitude:
CN-pt = (α
′)
N−4
2 C
N
2
−1
4-pt = (α
′)−1
(−2piF 2pi)1−N2 (1.17)
The model enjoys several interesting properties such as the Adler zeroes and we show
that it reduces to the non-linear σ-model in the field theory limit (α′ → 0, keeping Fpi
fixed) 3. It has also a low energy spectrum containing the mesons observed in hadronic
processes, but some of the masses and couplings deviate a bit from the observed ones.
As shown in the fig. (1) on the right side, the model contains two types of Regge
trajectories, one with integer intercept and another with half-integer one. They have the
same slope that is equal to α′ = 1/2m2ρ for massless pions. It incorporates a G-parity
operator that is conserved. The particles lying on the Regge trajectories with half-integer
intercept, as for instance the ρ meson, have G-parity plus, while those lying on those
with integer intercept, as the pion and the ω, have G-parity minus. This implies that the
amplitudes with an odd number of pions vanish as desired.
The particle with the lowest mass is the pion that we take to be massless. One can give
a small mass to the pion, but then this would introduce ghosts already in the four-point
amplitude. At the first excited level one has the ρ-meson with spin one and a scalar particle
with spin zero that can be identified with a broad resonance that was called σ in the ’60’s
3For a recent alternative model that reproduces the non-linear σ-model in the field theory limit see
Ref. [17].
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and now is called f0 with a mass around 500 MeV. In the model that we here reconsider it
is instead degenerate with the ρ-meson that has a higher mass of 770 MeV. The ω-meson
has spin 1 and lies on the pion trajectory. It has a mass higher than the ρ-meson, while
in nature the two mesons are almost degenerate. The spin 2 on the ρ Regge trajectory
corresponds to the meson f2 that has a mass of 1270 MeV that is not so far from what the
model under consideration predicts.
In Refs. [16, 18, 19] modifications to (1.14) were considered in order to move the ω
trajectory closer to the ρ trajectory. Unfortunately this attempts failed to keep consistent
factorizations and Adler zeroes.
Though perfectly consistent for low numbers of external legs N , the model is expected
to be pathological and display negative norm (ghosts) states for N large enough (e.g.
N ≥ 8). In fact, the presence of the extra terms in the scattering amplitude and the
value of the mass of the lowest state imply that the physical states are annihilated only
by the lowest super-Virasoro generators G1/2 and L1. Yet for N = 4, 6, generalising [14],
we will show that ‘flavour-ordered’ amplitudes are unitary in that they can be identified
with amplitudes of would-be NS tachyons in D = 10 with fixed/quantized internal (6-
dimensional) momenta q, such that 2α′q2 = 1 and thus m24 = k2 = 0, with k being the
four-dimensional momentum.
There are other features of the model we investigate that are in contradiction with
QCD expectations. The model has linearly rising Regge trajectories for any value of the
Mandelstam variable s, while in QCD, because of asymptotic freedom, one expects that
they bend up for sufficiently negative values of s. See Refs. [20] for a discussion of this point.
The amplitudes (1.14) are too soft at large transverse momentum to describe hadrons. In
order to cure this problem in Refs. [21, 22] it has been proposed to sum over an infinite
number of four-point amplitudes having Regge slopes α
′
n . In principle, this could also be
done for the N -point amplitude, but, in this case, the procedure becomes more laborious.
Complementary approaches to hadron scattering have been recently proposed that rely on
holographic versions of QCD [23–26], on open strings with massive ends [27–30] or on the
S-matrix bootstrap [31].
The paper is organised as follows. In Sect. 2 we review the Lovelace-Shapiro model
for the four-pion scattering amplitude and some of its properties, including its relation to
the (non)linear σ model at low energy. In Sect. 3, following earlier work [14] we show that
the four- and six-point flavour-ordered amplitudes can be obtained from the correspondent
amplitudes of the ten-dimensional NS model with a suitable choice of the momenta of the
external tachyons in the six extra dimensions. In Sect. 4 we consider in detail the six-pion
amplitude [14] and we show that has Adler zeroes, correctly factorises in the product of
two four-pion amplitudes at the pion pole in the three-pion channel and in the field theory
limit (α′ → 0 with Fpi kept fixed) it reproduces the six-pion amplitude of the non-linear
σ-model. We also present some three- and four-point amplitudes of excited states that can
be obtained by factorisation in intermediate channels and we study tree-level unitarity of
the piσ → piσ scattering amplitude. In Sect. 5 we show that the N -pion amplitude (1.14)
proposed in [14, 15] has the Adler zeroes and the correct factorisation properties at the pion
poles in various channels. In Sect. 6 we extract from the eight-pion amplitude the scattering
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amplitude with four σ particles and discuss its unitarity properties. Finally, in Sect. 7 we
summarise our result and discuss possible connections with other approaches. The paper
contains also six Appendices. App. A is devoted to the super-projective transformations.
In App. B we give some detail on the computation of the N -pion amplitude along the lines
of [14–16]. In App. C we discuss the properties of the generators of U(Nf ) that enter in the
Chan-Paton factors. App. D is devoted to the linear and non-linear σ-model. In App. E
we give a detailed derivation of the field theory limit of the six-pion amplitude. Finally, in
App. F we discuss some three- and four-point amplitudes extracted by factorisation from
the six-pion amplitude.
2 The Lovelace-Shapiro model
In this section we revisit the Lovelace-Shapiro model [2, 3]. To this end we focus on the
following ‘flavour’-ordered amplitude
A(LS)[1, 2, 3, 4] = C4-pt
Γ(1− αρ(s))Γ(1− αρ(t))
Γ(1− αρ(s)− αρ(t)) (2.1)
where s = −(k3 + k4)2, t = −(k2 + k3)2 and αρ(s) =α0 +α′s is the Regge trajectory of
the vector meson ρ, whose mass is given by α′m2ρ = 1−α0. The full amplitude is obtained
introducing the Chan-Paton factors
A(LS) =
∑
σ∈S3
Tr(T a1T aσ(2)T aσ(3)T aσ(4))A(LS)[1, σ(2), σ(3), σ(4)] (2.2)
In this paper we will consider a U(Nf ) flavour symmetry, although the isospin symmetry
SU(2) would be more appropriate to describe massless mesons. The group-theoretical
properties of the generators T a of U(Nf ) are summarised in App. C.
One can require the presence of Adler zeroes, i.e. that the amplitude vanishes when
one of the momenta goes to zero. This condition can be obtained forcing the Γ function
in the denominator in (2.1) to be divergent, 2α(m2pi) = 1, obtaining α
′m2pi = 1/2−α0. This
last equation has already been imposed in Eq. (1.13). In the case of N = 4 we get
A(LS)[1, 2, 3, 4] =C4-pt
∫ 1
0
dz dθ2 dθ3 (1− z− θ2θ3)2α
′k2k3−α′m2pi− 12 z2α
′k3k4−α′m2pi− 12
=C4-pt
∫ 1
0
dz (1− z)2α′k2k3−α′m2pi− 32 z2α′k3k4−α′m2pi− 12
(
2α′k2k3−α′m2pi−
1
2
)
=C4-pt
Γ(1− αρ(s))Γ(1− αρ(t))
Γ(1− αρ(s)− αρ(t)) (2.3)
where αρ(s) = α0 + α
′s = 12 − α′m2pi + α′s. Combining the Adler zero constraint with the
ρ mass we get the following formulae for α0 and α
′ in terms of the masses
α0 =
m2ρ − 2m2pi
2(m2ρ −m2pi)
α′ =
1
2(m2ρ −m2pi)
(2.4)
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Constraints on α0 and the space-time dimensions D can be obtained imposing that the
residues at the poles be positive definite (tree-level unitarity). The residues of the full
amplitude (2.2) at α′s = α′sn ≡ n+1−α0 are the following
− Res
s= sn
A(LS) = (−)nC4-pt
α′n!
[
(T1234+T1432)
Γ(1−αρ(t))
Γ(−n−αρ(t)) + (T1243+T1342)
Γ(1−αρ(u))
Γ(−n−αρ(u))
]
(2.5)
where Tijkl = Tr(TaiTajTakTal). Writing t and u in terms of s and the scattering angle θ:
t = −s− 4m
2
pi
2
(1− cos θ) ; u = −s− 4m
2
pi
2
(1 + cos θ) (2.6)
and using the relation: α′m2pi =
1
2−α0, the residue can be expanded in terms of Gegenbauer
polynomials.4 Unitarity requires the positivity of the coefficients of the expansion for
amplitudes with the same initial and final state. Therefore we choose to identify the flavour
indices as a1 = a4 = a and a2 = a3 = b. We consider the levels n= 0 and n= 1 obtaining the
following residues
−Res
n=0
A(LS) =
C4-pt
α′
[
1− 3α0
D − 3 (f
abc)2G1(x,D) + (α0 − 1)(d̂abc)2G0(x,D)
]
(2.8)
−Res
n=1
A(LS) =
C4-pt
α′
[
− 9α
2
0
(D−3)(D−1)(d̂
abc)2G2(x,D)+
3α0(α0−1)
D − 3 (f
abc)2G1(x,D)+
+
α0(2D−2−8α0−Dα0)
2(D−1) (d̂
abc)2G0(x,D)
]
(a, b no sum) (2.9)
where x= cos θ, Gn(x,D) are Gegenbauer polynomials in D space-time dimensions, f
abc
are the structure constants of U(Nf ), d̂
abc5 is the symmetric invariant tensor of U(Nf ) and
the flavour indices a, b are not summed over, while there is a sum over the flavour index c.
Considering only states with even spin for now, we get the constraints
C4-pt ≤ 0 , α0 ≤ 1 , D ≤ Dc = 21 + 4α0
2− α0 (2.10)
The possible values of α0 with an integer number of dimensions compatible with the bounds
above are
α0(D=4) =
1
2
α0(D=5) =
8
13
α0(D=6) =
5
7
α0(D=7) =
4
5
(2.11)
α0(D=8) =
7
8
α0(D=9) =
16
17
α0(D=10) = 1 (2.12)
4 Gegenbauer polynomials can be defined using the following recurrence relation
G
(α)
0 (x) = 1 , G
(α)
1 (x) = 2αx , nG
(α)
n (x) = 2x(n+α−1)G(α)n−1(x)− (n+2α−2)G(α)n−2(x) (2.7)
where α is related to the space-time dimensions by α = (D−3)/2. Quite remarkably, in D= 5, G(1)n (cos θ) =
χ
SU(2)
j=n/2(θ) with χ
SU(2)
j (θ) being the characters of SU(2) [32].
5We have chosen the normalisation Tr(T aT b) = δab where a and b = 0, 1, . . . N2f − 1. In our definition of
fabc = i
√
2 Tr([T a, T b]T c), d̂abc =
√
2 Tr({T a, T b}T c), T 0 = 11/√Nf , d̂abc = dabc if all the indices represent
SU(Nf ) generators while d̂
0ab =
√
2/Nfδ
ab.
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D = 3 is excluded from our analysis, since α = (D − 3)/2 = 0 and the Gegenbauer
polynomials are not defined (except for G0 = 1). Notice that the choice D= 10 reproduces
the four-tachyon amplitude in the NS model.
As far as we know, barring its secret relation to the NS model in D = 10 to be unveiled
later on, there is no analytic proof of the positivity of the coefficients at an arbitrary level.
We have considered the levels up to n= 20 and we found that the conditions (2.10) are
enough to get positivity of the coefficients for all choices of (α0, Dc) shown in (2.12).
For values of α0 greater than 1/2 the pion is a tachyon, while for α0 less than 1/2 the
critical dimension becomes smaller that four, therefore, α0 = 1/2 is a very special choice:
α0 =
1
2
, Dc = 4 =⇒ m2pi = 0 , m2ρ =
1
2α′
(2.13)
Using Eq (2.4) and the experimental values of the pion and ρ masses, the value of α0
obtained is close to 1/2. For this reason, we fix the intercept α0 of the ρ trajectory to be
1/2 for the rest of the paper.
The residue at a general pole gives us informations on the quantum numbers of the
states lying on the ρ and daughters trajectories
−Res
s=sn
A(LS) =
C4-pt
α′n!
[
(d̂abc)2(Fn(x)+Fn(−x)) + (fabc)2(Fn(x)−Fn(−x))
]
(2.14)
where a and b are again not summed and Fn(x) is a polynomial of degree n+ 1
α′sn = n+
1
2
, Fn(x) = (−)n
Γ
(
2n+3
4 − x2n+14
)
Γ
(−2n+14 − x2n+14 ) (2.15)
The terms Fn(x)±Fn(−x) can be expressed as linear combinations of even (+) or odd (−)
Gegenbauer polynomials. Therefore, intermediate particles with even (odd) spin always
couple with d̂ (f). In the case of an U(2) flavour group they have isospin I = 0 ( I = 1).
The residue in Eq. (2.8) shows the presence of two states, the vector ρ and a scalar.
In the case of U(2) they have isospin I = 0 and I = 1 respectively. Therefore we identify
the scalar with the σ meson.
In the next sections we will factorise pairs of pions to construct amplitudes with ρ and
σ as external states. To this end we compute here the three-point amplitudes involving
two pions and one ρ or σ from the LS amplitude via factorisation and obtain
Apipiσ = −ησ
√
−C4-pt
2α′
d̂a1a2a3 , Apipiρ = −ηρ
√−C4-ptε3·(k1 − k2) fa1a2a3 (2.16)
where ησ and ηρ are undetermined signs.
2.1 Comparison with linear and non-linear σ-model
The limit α′→ 0 of the amplitude (2.1) is consistent for α0 = 1 or 1/2. The first case
correspond to the limit m2pi → −∞, while the second to m2ρ → +∞. For all the intermediate
values of α0 between 1 and 1/2, m
2
pi → −∞ and m2ρ → +∞ simultaneously. For α0 = 1/2
the limit α′→ 0 gives us the following amplitude
A(LS)[1, 2, 3, 4]
α′→0−−−→ −α′pi C4-pt(s+ t) + . . . (2.17)
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This limit matches the correspondent amplitude in the non-linear σ-model (D.11) if we set
C4-pt to be
C4-pt = − 1
2piα′F 2pi
(2.18)
We now consider if there is agreement between the linear σ-model and the LS amplitude
with flavour symmetry SU(2). First of all, the LS amplitude can be written in such a way
to expose separately the poles at m2ρ = m
2
σ =
1
2α′ in the s- and t-channel:
A(LS)[1, 2, 3, 4] =
s+ t
2piF 2pi
(
1
1
2 − α′s
+
1
1
2 − α′t
)
Γ(32 − α′s)Γ(32 − α′t)
Γ(2− α′s− α′t) (2.19)
Then, since the ratio of the Γ functions is equal to pi4 in the limit for α
′ → 0, one obtains
A(LS)[1, 2, 3, 4] ∼ − m
2
σ
4F 2pi
(
2 +
m2σ/2
s−m2σ
+
m2σ/2
t−m2σ
+
t+m2ρ/2
s−m2ρ
+
s+m2ρ/2
t−m2ρ
)
(2.20)
where we have used the relations m2ρ = m
2
σ =
1
2α′ to eliminate the dependence on α
′. Notice
that in the limit mρ =mσ→∞ we obtain again the non-linear σ-model. The amplitude
(2.20) has the Adler zero only if we keep both σ and ρ. Therefore it cannot be compared
with the linear σ-model in (D.8) but rather to an extended version which also includes the
ρ meson.
3 The Neveu-Schwarz model with massless pions
In this section, following a slightly different approach from earlier suggestion [14], we would
like to show that the flavour-ordered LS amplitude (2.1) can be identified with an ampli-
tude of would-be NS tachyons in D= 10 with fixed/quantized internal (six-dimensional)
momenta q, such that 2α′q2 = 1 and thus m24 = k2 = 0, with k being the four-dimensional
momentum. In this approach pions should be regarded as KK modes of the NS tachyon.
The crucial property that follows from this approach is unitarity, that is guaranteed by the
unitarity of the NS string in D= 10.
After reproducing the four-point LS amplitude (2.1) in this approach, we will address
higher-point amplitudes [14–16, 19]. In particular we will explicitly reconstruct the six-
point ‘flavour-ordered’ amplitude [18] and again show that inherits unitarity from the
parent NS string. Since at most six linearly independent q’s are available, beyond six-
points unitarity is not guaranteed anymore6. To have more q’s at disposal, one can formally
generalise the KK approach and consider a NS string in more than ten dimensions. Since
in this case the NS model has ghosts we expect the appearance of ghosts in flavour-ordered
amplitudes with N ≥ 8 pions.
In order to show the relation between NS tachyons and LS pions, let us consider the
NS tachyon vertex operator in ten dimensions, viz.
V (0)pi = Cpi P ·Ψ eiPX , V (−1)pi = Cpi e−ϕ eiPX (3.1)
6In the phenomenological proposals [14–16, 19] this point was largely overlooked.
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where the super-scripts (0) and (−1) denote the super ghost ‘picture’ and Cpi is a nor-
malisation constant to be fixed later on. If one decomposes the tachyonic 10-dimensional
momentum as P = (k, q), with k2 = 0 in four non compact dimensions and q2 = 1/2α′
for the six internal dimensions, one can imagine q playing the role of Kaluza-Klein mo-
mentum. We also decompose the (super)coordinates as Ψ = (ψX , ψY ) where X denote
the four-dimensional bosonic non-compact coordinates and Y the six-dimensional internal
ones. More explicitly
V (0)pi = Cpi(k·ψX + q·ψY )ei(kX+qY ) , V (−1)pi = Cpi e−ϕ ei(kX+qY ) (3.2)
The flavour-ordered LS amplitude can be reproduced from the correspondent NS amplitude
by taking the six-dimensional part of the momenta of the four external pions to satisfy the
relation 2α′q2i = 1 together with the conditions:
2α′qi·qi±1 = −1
2
while qi·qj = 0 if j 6= i± 1 (3.3)
For the flavour-ordered four-point amplitude, a solution that satisfies the above constraints
is the following
q1 =
1
2
√
α′
(1,−1, 0, 0, 0, 0) q2 = 1
2
√
α′
(0, 1,−1, 0, 0, 0) (3.4)
q3 =
1
2
√
α′
(0, 0, 1,−1, 0, 0) q4 = 1
2
√
α′
(−1, 0, 0, 1, 0, 0) (3.5)
This solution is unique up to O(6) transformations7.
For the flavour-ordered six-point amplitude one can make a similar choice for the first
three q’s: q′1 = q1, q′2 = q2, q′3 = q3 and then take
q′4 =
1
2
√
α′
(0, 0, 0, 1,−1, 0) q′5 =
1
2
√
α′
(0, 0, 0, 0, 1,−1) q′6 =
1
2
√
α′
(−1, 0, 0, 0, 0, 1)
(3.6)
Again the solution is unique up to O(6) transformations. There is no way to find a solution
to (3.3) for more than six external legs. One can easily verify that both the flavour-ordered
four-point and six-point amplitudes are independent of the ‘pictures’ assigned to the various
vertices and the flavour-ordered six-point amplitude in (4.4) is neatly reproduced.
As a consequence of the underlying origin, the resulting flavour-ordered amplitudes
are ‘unitary’ in D ≤ 10 like their parent NS amplitudes. For the four-point amplitude
the internal momenta span four directions, so one may expect unitarity for k2i = 0 up to
D = 6 = 10 − 4. By the same token, in the case of the six-point amplitude six internal
directions are necessary to make things work, so one may expect unitarity for D ≤ 4.
Pushing this argument further to eight points, an amplitude built following the above
procedure would be unitary for D ≤ 2.
In Ref. [33] a different inequivalent choice of the internal momenta is made, i.e. q2i = q
and q2i+1 = −q with 2α′q2 = 1, in order for the resulting ‘pions’ to be massless. The obvious
7Different but equivalent choices can be made as in [14–16, 19].
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advantage of this approach is that it immediately generalises to N -point amplitudes with
N even and gives zero for N odd. The fatal drawback is the absence of Adler zeros that
prevents the identification of the ‘pions’ with (quasi) Goldstone bosons. In particular,
already at the level of the four-points the amplitude proposed in [33] does not coincide
with the LS amplitude.
3.1 Four-point amplitude
Let us show explicitly how the LS amplitude can be reproduced by computing the following
flavour-ordered amplitude
A
(1234)
4pi =CD C
4
pi
∫ 1
0
dx 〈V (−1)pi (∞)V (−1)pi (1)V (0)pi (x)V (0)pi (0)〉 =
=CD C
4
pi (2α
′P3·P4)
∫ 1
0
dxx2α
′P3·P4−1(1− x)2α′P2·P3 (3.7)
where CD is the disk normalisation constant and we have used the correlators that follow
from Eq. (1.12) to compute the contractions with X and Ψ. The superscript 1234 encodes
the ordering of the pions up to cyclic permutations and inversions. Integrating over x we
get
A
(1234)
4pi = CD C
4
pi
Γ(−α′S)Γ(−α′T )
Γ(1− α′S − α′T ) = CD C
4
pi
Γ(12 − α′s)Γ(12 − α′t)
Γ(−α′s− α′t) (3.8)
where S, T and s , t are respectively the ten- and four-dimensional Mandelstam invariants.
The amplitude in Eq. (3.8) reproduces the LS amplitude in Eq. (2.3) with the identification
C4-pt = CD C
4
pi. Similarly for an N -pion amplitude one obtains CN-pt = CD C
N
pi . Using
Eq. (1.17) we can fix the disk and the vertex operator normalisations to be
CD =
1
α′2C4-pt
= −2piF
2
pi
α′
, Cpi =
√
α′C4-pt = (−2piF 2pi )−1/2 (3.9)
In order to get the complete four-point amplitude, one has to multiply each flavour-ordered
amplitude by the corresponding Chan-Paton factor and sum over the six non-cyclic per-
mutations,
Atot4pi = A
(1234)
4pi (T1234 + T4321) +A
(1342)
4pi (T1342 + T3124) +A
(1423)
4pi (T1423 + T4132) (3.10)
where T1234 = Tr(T1T2T3T4) and similarly for the rest. Notice that A
(1234)
4pi = A
LS(s, t) then
A
(1342)
4pi = A
LS(u, s) and A
(1423)
4pi = A
LS(t, u). One should, however, keep in mind that each
flavour-ordering corresponds to a different assignment of internal momenta q’s satisfying
Eqs. (3.3). From the 10-dimensional perspective this means that internal components are
reshuffled keeping the same space-time components. For instance A
(1342)
4pi = A
LS(u, s)
requires P1 = (k1, q1), P2 = (k2, q4), P3 = (k3, q2), and P4 = (k4, q3). Similar reshuffling is
also necessary for A
(1423)
4pi = A
LS(t, u), an issue that was not addressed earlier [14, 16].
Postponing the detailed derivation of the (unitary) flavour-ordered six-point amplitude
to the next Section, we would like to briefly comment on how flavour-ordered N -point am-
plitudes with N ≥ 8 can be formally obtained in the KK approach. The idea is to continue
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to impose the conditions 2α′q2i = 1, in order to have massless pions, and 2α
′qi·qi±1 = −12
as well as qi·qj = 0 if j 6= i± 1 in order to have Adler zeros. This would be impossible in
D = 10 and would require a NS string in at least D = 4 + N for an N -point amplitude
where the theory is known to be non-unitary and expose ‘ghosts’. A possible way out is to
consider non-critical NS strings, that would require the coupling to the N = 1 super Liou-
ville fields. Another one is to replace the six ‘internal’ dimensions with some interacting
CFT that include more than six independent operators of conformal dimension h = 1/2
satisfying the desired algebra to ‘dress’ the NS tachyon vertex and make it massless in
D = 4.
4 The six-pion amplitude: factorisations and low energy limit
In this section we consider the six-pion amplitude and we discuss its properties that ex-
tend those already discussed in the case of the four-pion amplitude. In particular, as
already observed in [14, 15] using a different procedure, we show that it has Adler zeroes
and factorises into the product of two four-pion amplitudes in the three-particle channels.
Moreover we show that it reduces to the six-point amplitude of the non-linear σ-model in
the field theory limit. Furthermore, by factorising it in two-pion channels, we construct
four-point amplitudes involving the states σ and ρ.
In general a six-point amplitude is given by the sum of 120 terms involving products
of the Chan-Paton factors with the flavour stripped amplitudes
A6pi =
∑
σ∈S5
A
(1σ(23456))
6pi Tr[T1Tσ(2) . . . Tσ(6)] (4.1)
Let us consider here the fundamental permutation (123456). Since the integrand of the
six-pion amplitude is invariant under super-projective transformations, we can choose any
pair of θi to vanish. If we choose θ1 = θ2 = 0, together with z1 = ∞, z2 = 1 and zN = 0,
and we integrate over the remaining Grassmann variables, we obtain three terms
A
(123456)
6pi = C6-pt
∫ 1
0
dz3
∫ z3
0
dz4
∫ z4
0
dz5 (1− z3)−α′s23− 12 (1− z4)−α′s24(1− z5)−α′s25
×(z3 − z4)−α′s34− 12 (z3 − z5)−α′s35z−α′s363 (z4 − z5)−α
′s45− 12 z−α
′s46
4 z
−α′s56− 12
5
×
[(
α′s34 + 12
) (
α′s56 + 12
)
(z3 − z4)z5 −
α′2s35s46
(z3 − z5)z4 +
α′s36
(
α′s45 + 12
)
z3(z4 − z5)
]
(4.2)
C6-pt is a constant that is determined below. Changing variables to z3 =α, z4 =αβ and
z5 =αβ γ we get
A
(123456)
6pi =C6-pt
∫ 1
0
dα
∫ 1
0
dβ
∫ 1
0
dγ α−α
′s12− 12 (1− α)−α′s23− 12β−α′s123(1− β)−α′s34− 12
× γ−α′s56− 12 (1− γ)−α′s45− 12 (1− αβ)−α′s24(1− βγ)−α′s35(1− αβγ)−α′s25
×
[(
α′s34 + 12
) (
α′s56 + 12
)
αβγ(1− β) −
α′2s35s46
αβ(1− βγ) +
α′s36
(
α′s45 + 12
)
αβ(1− γ)
]
(4.3)
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This expression seems to have a pole α′s12 = −1/2 that corresponds to a tachyon. The
appearent poles at s34, s45, s56 = −1/2α′ in the first and third terms, exposed by integrating
over the variables 1−β, 1−γ, and γ, are cancelled by the corresponding numerators.
A way to show the absence of the pole at α′s12 = − 1/2, present in all three terms in
(4.3) and exposed by integrating over α, is to consider the choice θ1 = θ6 = 0. Using the
variables α, β and γ as in Eq. (4.3) we get
A
(123456)
6pi =C6-pt
∫ 1
0
dα dβ dγ α−α
′s12− 12 (1− α)−α′s23− 12β−α′s123(1− β)−α′s34− 12
× γ−α′s56− 12 (1− γ)−α′s45− 12 (1− αβ)−α′s24(1− βγ)−α′s35(1− αβγ)−α′s25
×
[(
α′s23 + 12
) (
α′s45 + 12
)
(1− α)β(1− γ) −
α′2s24s35
(1− αβ)(1− βγ) +
α′s25
(
α′s34 + 12
)
(1− αβγ)(1− β)
]
(4.4)
This expression of the amplitude does not explicitly show the presence of a tachyon for
α′s12 = −1/2. Therefore, this pole should also be absent in (4.3).
4.1 Three-particles channel, Adler zero and low energy limit
As mentioned above, the flavour-ordered amplitude (4.3) factorizes, near s123 = 0, into the
product of two LS amplitudes. This can be seen by integrating the amplitude around β→ 0
for s123 ∼ 0 and obtaining
A
(123456)
6pi
s123→0−−−−→ −C6-pt
α′
Γ(12 − α′s12)Γ(12 − α′s23)
Γ(α′s13)
1
s123
Γ(12 − α′s45)Γ(12 − α′s56)
Γ(α′s46)
(4.5)
The factorization provides also a way to fix the constant C6-pt
C6-pt = α
′C24-pt =
1
4pi2α′F 4pi
(4.6)
Another important feature of the six-pion amplitude is the presence of Adler zeroes. This
can be shown by letting one of the external momenta vanish. Anyone would be enough
since invariance of the amplitude under cyclic transformation ensures that the result holds
for any external leg. Let us consider (4.4) in the limit k2 → 0, keeping s12 and s23 non-
vanishing for now. We get
A
(123456)
6pi =C6-pt
∫ 1
0
dβ dγ γ−α
′s56− 12β−α
′s13−1(1−β)−α′s34− 12 (1−γ)−α′s45− 32 (1−βγ)−α′s35
×
∫ 1
0
dαα−α
′s12− 12 (1− α)−α′s23− 32
(
α′s23 +
1
2
)(
α′s45 +
1
2
)
(4.7)
Integrating over α we get
A
(123456)
6pi =C6-pt
∫ 1
0
dβ dγ γ−α
′s56− 12β−α
′s13−1(1−β)−α′s34− 12 (1−γ)−α′s45− 32 (1−βγ)−α′s35
× Γ(
1
2 − α′s12)Γ(12 − α′s23)
Γ(−α′(s12 + s23))
(
α′s45 +
1
2
)
(4.8)
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When k2 vanishes the Γ function in the denominator is divergent and therefore, the whole
amplitude vanishes. The same computation can be repeated with the momentum k5. To
find explicitly the Adler zeroes for the other momenta we need to use different parametriza-
tions of the amplitude. The Adler zeroes when k3 or k6 vanish can be shown considering
Eq. (E.7) while for k4 using Eq. (E.8).
The last feature we will study is the field theory limit that was not considered in [14–
16, 18, 19]. The computation is quite laborious and the details are given in appendix E. To
arrive at the final result, one has to rewrite the amplitude (4.3) using variables associated
to the planar channels and manipulating the amplitude in order to separate the massless
poles. After this manipulation one can perform the field theory limit without the presence
of ambiguous divergences. The result is the following
A
(123456)
6pi =−
1
4F 4pi
[
(s12+s23)(s34+s45)
s123
+
(s23+s34)(s45+s56)
s234
+
(s34+s45)(s56+s16)
s345
+
−(s12+s23+s34+s45+s56+s16)
]
+O(α′) (4.9)
which reproduces the correspondent amplitude in the non-linear σ-model (D.14) with the
exact overall coefficient. This result is expected thanks to the invariance of the ampli-
tude under cyclic transformations, the factorisation of the six point amplitude in two LS
amplitudes (which ensures the presence of the first three terms in (4.9) with the right co-
efficients) and the Adler zeroes (which force the linear terms in sij to have the coefficients
shown above).
4.2 Amplitudes extracted from the 6-pion amplitude
The full six-pion amplitude can be used to extract three-, four- and five-point amplitudes
with excited external states via factorization [18]. The amplitudes that we have computed
are listed in appendix F.
Four-point amplitudes with ρ and σ as external states allow to study intermediate
states lying on the pion trajectory and its daughters, which were inaccessible from the
LS amplitude. Using these four-point amplitudes we find four states at the mass level
α′m2 = 1. We compute the three-point amplitudes involving one of them, one pion and
one σ or ρ. These three-point amplitudes are listed in appendix F. For the SU(2) flavour
symmetry, these four states can be identified with a massive pion p˜i and three vector
mesons h1, a1 and ω. In the NS model only the ω meson was present at this mass level
(α′m2ω,NS = 1/2) that is shifted from the model we here consider by 1/2. These four
states should correspond to the mesons ω(782), h1(1170), a1(1260) and pi(1300). Taking
mρ ∼ 770 MeV = 1/
√
2α′, the mass of these states is equal to 1/
√
α′ ∼ 1088 MeV that is
an averaged value of their masses.
We also recover the original Veneziano amplitude [1] for the process ω → pipipi, which
was also present in the NS model. This amplitude can be obtained from the factorization
of the six-pion amplitude in the three-particles channel at α′s123 = 1. One gets the flavour-
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ordered amplitude
A[1pi, 2pi, 3pi, 4ω] = 2i
√
C6-pt
µνρσµk1νk2ρk3σ
Γ[1−α(s)]Γ[1−α(t)]
Γ[2− α(s)− α(t)] (4.10)
We have also obtained similar amplitudes involving the mesons p˜i, a1 and h1. They are
displayed in Appendix F.
Amplitudes extracted from the full six-pion amplitude can help to test its unitarity.
In particular, we focus on the pion-sigma scattering amplitude. Assuming SU(2) flavour
symmetry, the amplitude can be obtained from the six-pion amplitude factorizing two pairs
of pions. In this way one obtains the following result
Apipiσσ = −C4-pt
4
δi1i2
{[
(1+2α′t)B(12 −α′s, −α′t) + (t↔u)
]
+B(−α′t, −α′u)} (4.11)
where B is Euler’s Beta function. It is amusing to see that the amplitude inherits the Adler
zero from the six-pion amplitude.
The s-channel of the previous amplitude is associated to the process pipi → σσ, which
is not useful to test unitarity since the initial and final states are different.
However, it can be used to clarify the absence of scalar components in the LS amplitude
for the scattering pipi → pipi at the mass level α′s = 32 (as shown in Eq. (2.9) choosing D= 4
and α0 =
1
2). Computing the scalar component at α
′s = 32 in Eq. (4.11), we obtain
− Res
α′s= 3
2
,J=0
A2pi2σ=− C4-pt
8α′
G0(x, 4)δ
i1i2 (4.12)
The presence of the non-zero term in the amplitude for the scattering pipi → σσ implies
the existence of (at least) two scalars α′s = 32 and that one of them is a ghost so that they
can exactly cancel each other (opposite residue) in the LS amplitude for the scattering
pipi → pipi while another combination survives in the pipi → σσ amplitude [15].
We turn our attention to the t-channel, which is associated to the process piσ → piσ.
The expansion of the residues at the poles α′t = n (in four spacetime dimensions) of Eq.
(4.11) gives positive coefficients with the exception of one coefficient at the mass level
α′t = 3, as shown below. In the following equations we show the expansion of the first
residues up to the level α′t = 3:
− Res
α′t=0
A2pi2σ=− C4-pt
2α′
G0(x, 4)δ
i1i2 (4.13)
− Res
α′t=1
A2pi2σ= − C4-pt
16α′
[G1(x, 4)+9G0(x, 4)] δ
i1i2 (4.14)
− Res
α′t=2
A2pi2σ= − 3C4-pt
512α′
[27G2(x, 4)+27G1(x, 4)+G0(x, 4)] δ
i1i2 (4.15)
− Res
α′t=3
A2pi2σ= − 5C4-pt
21033α′
[625G3(x, 4)+2125G2(x, 4)− 225G1(x, 4)+499G0(x, 4)] δi1i2
(4.16)
Positivity of the coefficients beyond the mass level α′s = 3 has been checked up to the
mass level α′t = 20 using an algebraic manipulator.
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The presence of states with negative norm in the amplitude piσ → piσ shows that,
despite the unitarity of the six-pion flavour-ordered amplitude, the full six-pion amplitude
does not satisfy tree-level unitarity.
5 Adler zeroes and factorisation of the N-pion amplitude
In the first part of this section we show that the Adler zeroes that we found in the four
and six-pion amplitudes are actually present in all N -pion amplitudes, while, in the second
part of this section we show that the N -pion amplitude factorizes into pion amplitudes,
confirming earlier studies [14, 15] within our approach.
The presence of Adler zeroes can be shown starting from Eqs. (1.14) and (1.15) and
taking for instance the limit k2 → 0. In order to study this limit, it is convenient to
parametrize the amplitude with the N − 3 variables αi defined as zi = α1 . . . αi−2 with
i= 3, . . . N − 1. It is easy to see that they are all integrated between 0 and 1.
We focus on the terms involving α1. In the limit k2 → 0 the terms (z2 − zi)2α′k2ki
with i > 3 that come from the Koba-Nielsen term all disappear. The terms that can give
a dependence on α1 are only two kinds of terms, namely z2− z3 = 1−α1 and zi− zj ∝ α1
with j > i ≥ 3. Therefore in the limit k2 → 0 the integration over α1 is decoupled from
the integration over the other variables. Let us now see how all this works in more detail.
Let us consider the matrix A shown in Eq. (1.16). In the limit k2 → 0 the first row
and first column vanish except for the entries (1, 2) and (2, 1), in which we keep k2·k3 non
vanishing because it will be used as a regulator later on. Therefore, the Pfaffian is reduced
to √
detA =
2α′k2·k3 − 12
1− α1
√
det A˜ ∝ −α
′s23 + 12
1− α1 α
2−N
2
1
√
det Aˆ (5.1)
where the matrix A˜ is obtained from the matrix A by removing the first two rows and
columns. In the last step of the previous equation we have used the fact that each non-
vanishing element of A˜ is proportional to (zi − zj)−1 ∝ α−11 (with j > i ≥ 3) and we have
introduced the matrix Aˆ = α1A˜. Passing from the matrix A˜ to the matrix Aˆ that does not
depend anymore on α1, we get the extra factor α
2−N
2
1 .
From the Koba-Nielsen factor and the additional cyclic factor we can extract the
dependence on α1 in the limit of k2 → 0, as follows:
lim
k2→0
N∏
i=2
∏
i<j
(zi − zj)2α′kikj
N−1∏
i=2
(zi − zi+1)− 12 = (1− α1)−α′s23− 12α−α
′s12−N−32
1 (. . . ) (5.2)
where (. . . ) are terms independent on α1. Collecting all the previous contributions and
taking into account that the change of variables from the zi to the αi yields a Jacobian
factor proportional to αN−41 , we obtain
ANT−SN = −(α′s23+
1
2
)
∫ 1
0
dα1 α
−α′s12− 12
1 (1− α1)−α
′s23− 32
[∫ 1
0
dα2 · · ·
∫ 1
0
dαN−3 (. . . )
]
=
Γ(12 − α′s12)Γ(12 − α′s23)
Γ(−α′s12 − α′s23)
[∫ 1
0
dα2 · · ·
∫ 1
0
dαN−3 (. . . )
]
(5.3)
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where (. . . ) are again terms independent on α1. In the limit of k2 → 0 the Γ-function in the
denominator is divergent and therefore, in this limit, the total amplitude vanishes. Since
the N -pion amplitude is invariant under cyclic permutations, one can prove the presence
of Adler zeroes any time that one of the pion momenta is vanishing.
The factorization of the N -pion amplitude into pion amplitudes can be shown as fol-
lows. We start again from Eqs. (1.14) and (1.15) and, in order factorise the amplitude at the
pole sI,...,N = −(kI+ . . .+kN )2 = 0, where 4 ≤ I ≤ N − 2 is an even number, we consider
the limit zI → 0. The amplitude will be factorised in an I-pion and an (N − I + 2)-pion
amplitudes. It is convenient to introduce the variables xi defined as zi = zI xi−I+2 with
i ≥ I, where x2 = 1, xN−I+2 = 0. For the remaining N − I − 1 variables the integration
range is 0 ≤ xi+1 ≤ xi. The change of variables yields the Jacobian zN−I−1I .
The Koba-Nielsen factor and the additional cyclic factor can be split into three factors:I−2∏
i=2
I−1∏
j=3
(zi − zj)2α′KiKj
I−1∏
i=2
N∏
j=I
(zi − zj)2α′KiKj
N−1∏
i=I
N∏
j=I+1
(zi − zj)2α′KiKj
 (5.4)
zI appears in the second and third factors. In the limit zI → 0, the leading term of the
second factor yields
I−1∏
i=2
N∏
j=I
(zi − zj)2α′KiKj =
I−1∏
i=2
z
2α′
∑N
j=I KiKj
i + · · · = z
2α′kI−1p− 12
I−1
I−2∏
i=2
z2α
′kip
i + . . . (5.5)
where the dots are subleading terms in zI and p = kI + · · · + kN . Together with the first
term in Eq. (5.4), these terms reconstruct the Koba-Nielsen factor and the additional cyclic
factor of the I-pion amplitude. The third term in Eq. (5.4) yields the Koba-Nielsen factor
and the additional cyclic factor of the (N − I + 2)-pion amplitude:
N−1∏
i=I
N∏
j=I+1
(zi − zj)2α′KiKj = z−α
′sI...N−N−I2
I
N−1∏
i=I
N∏
j=I+1
(xi−I+2 − xj−I+2)2α′KiKj + . . . (5.6)
where the dots are again subleading terms in zI . The Pfaffian can be expanded in a similar
way and one gets √
detA =
√
detB
√
detCz
−N−I
2
I + . . . (5.7)
where the dots are subleading terms in zI , while the matrices B and C read
B =

0 2α
′K2K3
z2−z3 . . .
2α′K2KI−1
z2−zI−1
−2α′K2K3z2−z3 0 . . .
2α′K3KI−1
z3−zI−1
. . . . . . . . . . . .
−2α′K2KI−1z2−zI−1 −
2α′K3KI−1
z2−zI−1 . . . 0
 (5.8)
C =

0
2α′KIKI+1
1−x3 . . .
2α′KIKN−1
1−xN−1
−2α′KIKI+11−x3 0 . . .
2α′KI+1KN−1
x3−xN−1
. . . . . . . . . . . .
−2α′KIKN−11−xN−1 −
2α′KI+1KN−1
x3−xN−1 . . . 0
 (5.9)
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Notice that, in order to obtain Eq. (5.7), it is crucial that I is even. If I is odd the matrices
B and C have odd dimensions and their determinants vanish.
Collecting all the terms above and integrating over zI we obtain
ANT−SN (k1, . . . , kN ) = −
CN-pt
α′CI-ptC(N−I+2)-pt
ANT−SI (k1, . . . , p)
1
sI,...N
ANT−SN−I+2(−p, . . . , kN )
(5.10)
Using this equation we can also fix the normalization CN-pt to be
CN-pt = (α
′)
N
2
−2C
N
2
−1
4-pt = (α
′)−1
(−2piF 2pi)1−N2 (5.11)
The factorization of the N -pion amplitude into pion amplitudes and the Adler zero should
ensure that the field theory limit of the N -pion amplitude yields the correspondent ampli-
tude of the non-linear σ model.
The argument goes as follows. Since the normalisation factor CN-pt is proportional to
1/α′ while the ‘world-sheet’ integrals are dimensionless, the α′ expansion of the integrals
can yield only two kinds of terms, namely terms with a linear dependence on the kinematic
invariants (α′sij) and terms involving poles. The coefficients of the latter terms can be
fixed using the factorisation of the N -pion amplitude and the field theory limit of pion
amplitudes with less than N external legs. The coefficients of the linear terms can be fixed
using the Adler zeroes. These coefficients have to cancel the contributions coming from
the terms with poles, whose coefficients are found in the previous step.
6 Eight-pion and four-σ amplitudes
Another check of unitarity can be performed analysing the four-σ amplitude, which can
be computed factorizing the eight-pion amplitude given by Eqs. (1.14) and (1.15). In
this section we will consider the full U(Nf ) flavour group with respect to which σ is not
a singlet. We factorize all the adjacent pion pairs obtaining the following flavour-ordered
amplitude
A4σ[1, 2, 3, 4] = −C4-pt
4
(1+α′s+α′t)
Γ(1/2− α′s)Γ(1/2− α′t)
Γ(1− α′s− α′t) (6.1)
Looking at the residues of the full amplitude, we find that at the level α′s = 5/2 the
coefficients of the expansion in terms of Gegenbauer polynomials can be in general negative:
− Res
α′s=5/2
A4σ =− C4-pt
1920α′
[
− 3(fabc)2G3(x, 4) + 95(d̂abc)2G2(x, 4)
− 627(fabc)2G1(x, 4) + 535(d̂abc)2G0(x, 4)
]
(a, b no sum) (6.2)
In particular, the negative coefficients are proportional to (fabc)2. Furthermore, looking
at the next levels, the coefficients of (fabc)2 become permanently negative. Therefore, in
order to preserve unitarity, fabc must vanish. This is realized only if σ is a singlet of the
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flavour group, as it is the case for a U(2) flavour group. In this case we have checked the
positivity of the coefficients up to the level α′s = 19/2. We show the first three levels:
− Res
α′s=1/2
A4σ = − 9C4-pt
8α′
G0(x, 4) (6.3)
− Res
α′s=3/2
A4σ = − C4-pt
48α′
[G2(x, 4) + 25G0(x, 4)] (6.4)
− Res
α′s=5/2
A4σ =− C4-pt
384α′
[
19G2(x, 4) + 107G0(x, 4)
]
(6.5)
In comparison with the amplitude A4σ (in the case U(Nf )), the ghost already found in
the Apipiσσ amplitude is harder to expose because of the larger positive couplings (residues)
of the states with positive norm. In the amplitude A4σ instead, ghosts start to appear
systematically at each mass level. The difference between these amplitudes may be due
to the fact that A4σ is derived by factorisation of an eight-pion amplitude, which is not
‘expected’ to be unitary to start with even for a given flavour-ordering, while the LS and
Apipiσσ amplitudes can be constructed using four- and six-pion flavour-ordered amplitude
that are unitary as we have shown.
7 Conclusions and outlook
With a slight modification of the N -tachyon amplitude of the NS model an N -pion am-
plitude with massless pions can be constructed [14, 15]. The four-pion amplitude is equal
to the one of the Lovelace-Shapiro model [2, 3] that seems to be free of ghosts for the
space-time dimension D = 4, has Adler zeroes and reproduces in the field theory limit
(α′ → 0 with fixed Fpi) the four-pion amplitude of the non-linear σ-model. We have then
reconsidered N -point pion amplitudes that were known to have Adler zeroes and we have
shown that they reproduce the N -point pion amplitudes of the non-linear σ-model in the
field theory limit.
The N -pion amplitude we considered is obtained from the N -tachyon amplitude of
the NS model by shifting the tachyon mass to zero. With such a shift the massless gauge
boson gets a non-zero mass becoming the ρ-meson and what is colour symmetry in the NS
model becomes a flavour symmetry in the model we consider here. In this way the super-
conformal invariance of the NS model is of course lost, but the integrand of the amplitude
keeps the super-projective invariance. This implies that, in general, the model has negative
norm states (ghosts). On the other hand, it gives a reasonable overall description of the
low-energy pipi scattering although the mass of the various excited states are not always
quite agreeing with the experimental data.
We have also shown that flavour-ordered four and six-pion amplitudes can be derived
from the correspondent tachyon amplitudes in the ten-dimensional NS model by suitably
choosing the KK momenta of the tachyons along the six extra/compactified directions,
using a different but equivalent choice from the early studies [14–16, 18, 19]. As a result
we have shown that these flavour-ordered amplitudes satisfy tree-level unitarity, an issue
largely overlooked in [14–16, 18, 19]. We have then carefully studied their properties and
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derived scattering amplitudes involving ρ and ω mesons as well as σ by factorisation of
higher point pion amplitudes.
The model we considered has exactly linearly rising Regge trajectories. As discussed
in Ref. [20], this is fine in the unphysical region where both s and t are positive, but,
according to asymptotic freedom in QCD, one expects that the Regge trajectory will level
down for negative values of the Mandelstam variables. In order to solve this problem and
also to have a power-like behaviour at large s and |t|, as also predicted by QCD, it has
been proposed in Refs. [21, 22] to sum over an infinite number of four-point amplitudes
with Regge slopes α′/n. Although more complicated, this procedure can also be applied to
the higher-point amplitudes and, as discussed in Ref. [22], could provide a connection with
holographic calculations [23–25, 34, 35]. Another holography-inspired approach to hadron
scattering has been proposed that rely on open strings with massive ends [27–30]. It would
be very interesting to compare our results for pion scattering and those that would emerge
from [30] in some chiral limit. Another complementary approach relies on the S-matrix
bootstrap for QCD that has been recently revived in the context of pipi scattering in [31].
The parameter space of chiral zeros, scattering lengths, and resonance masses has been
carefully explored in [31] and the remarkable location where QCD seems to lie has been
tightly constrained. It would be interesting to compare these results with those obtained
in our approach.
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A Super-projective transformations
A super-projective transformation acts on the variable Z ≡ (z, θ) as follows:
z → z′ ≡ Az +B + αθ
Cz +D + βθ
; θ → θ′ ≡ α¯z + β¯ + A¯θ
Cz +D + βθ
‘; AD −BC = 1 (A.1)
where
A¯ = 1− 3
2
αβ ; α¯ = −Cα+Aβ ; β¯ = −Dα+Bβ (A.2)
From it, it is easy to derive the following transformations:
Zi − Zj =⇒ (Zi − Zj)(1− αβ)
(Czi +D + βθi)Czj +D + βθj)
(A.3)
and
dZi =⇒ dZi
1− 12αβ
Czi +D + βθi
(A.4)
This last transformation is obtained by computing the super-determinant of the matrix(
∂z′
∂z
∂z′
∂θ
∂θ′
∂z
∂θ′
∂θ
)
=
 1+(Aβ−Cα)θ(Cz+D+βθ)2 α(Cz+D)−β(Az+B)+2αβθ(Cz+D+βθ)2
β−C(1− 1
2
αβ)θ
(Cz+D+βθ)2
(Cz+D)(1− 12αβ)+2βθ
(Cz+D+βθ)2
 ≡ (A11 A12
A21 A22
)
(A.5)
that is equal to
A11 −A12A−122 A21
A22
=
1− 12αβ
Cz +D + βθ
(A.6)
B Explicit computation of the N-point amplitude
In this Appendix we perform the integration over the variables θi for the N -point amplitude
in Eq. (1.13). Taking advantage of the superprojective invariance we fix z1 = ∞, z2 = 1,
zN = 0 and θ1 = θN = 0. In this case the integrand in Eq. (1.13) can be written as follows:
N∏
i=2
∏
i<j
(zi − zj)2α′kikj
N−1∏
i=2
(zi − zi+1)− 12
(
1− θ2
N−1∑
j=3
θj
2α′K2Kj
z2 − zj
)
× (B.1)
(
1− θ3
N−1∑
j=4
θj
2α′K3Kj
z3 − zj
)(
1− θ4
N−1∑
j=5
θj
2α′K4Kj
z4 − zj
)
. . .
(
1− θN−2 2α
′KN−2KN−1
zN−2 − zN−1
)
where
KiKj = kikj − 1
4α′
if j = i± 1 ; KiKj = kikj if j 6= i± 1 (B.2)
The integration over the variables θi of the previous expression is performed by collecting
all terms that have the product of all θi. The simplest way to collect all these terms is by
– 22 –
taking the term with θ2θ3 in the first round bracket, the term with 1 in the second round
bracket, the term with θ4θ3 in the third round bracket and so on. In this case one gets:
N∏
i=2
∏
i<j
(zi − zj)2α′kikj
N−1∏
i=2
(zi − zi+1)− 12 (−1)N2 +1θ2 . . . θN−1
(N−2)/2∏
i=1
2α′K2iK2i+1
z2i − z2i+1 (B.3)
Then we have to compute the following integral:∫
dθ2
∫
dθ3· · ·
∫
dθN−1θ2θ3 . . . θN−1 = (−1)1+N2 (N−5)
N−1∏
i=2
∫
dθiθi = (−1)
N+2
2 (B.4)
where we have used the relation
∫
dθiθi = 1.
In conclusion, the amplitude corresponding to the first of the (N − 3)!! terms is given
by:
N−1∏
i=3
∫
dzi
N∏
i=2
∏
i<j
(zi − zj)2α′kikj
N−1∏
i=2
(zi − zi+1)− 12
(N−2)/2∏
i=1
2α′K2iK2i+1
z2i − z2i+1 (B.5)
One can compute in an analogous way the remaining terms. It turns out that the final
result can be written in the following compact way:
AnewN =
N−1∏
i=3
∫
dzi
N∏
i=2
∏
i<j
(zi − zj)2α′kikj
N−1∏
i=2
(zi − zi+1)− 12
√
detA (B.6)
where A is the antisymmetric matrix in Eq. (1.15).
In the case of N = 4 we get
√
detA =
2α′K2K3
z2 − z3 (B.7)
while in the case of N = 6 we get
√
detA =
2α′K2K3
z2 − z3
2α′K4K5
z4 − z5 +
2α′K2K5
z2 − z5
2α′K3K4
z3 − z4 −
2α′K2K4
z2 − z4
2α′K3K5
z3 − z5 (B.8)
C Group-theoretical properties of the generators of U(Nf )
The generators T a of U(Nf ) that enter in the Chan-Paton factors satisfy the following
properties:
[T a, T b] = ifabc
√
2T c ; {T a, T b} =
√
2dˆabc ; Tr(T aT b) = δab ; a, b, c = 1 . . . Nf (C.1)
where fabc are the structure constants of U(Nf ) and dˆ
abc are the symmetric invariant
tensors of U(Nf ). They are obtained through the following relations:
Tr(T a[T b, T c]) = i
√
2fabc , Tr(T a{T b, T c}) =
√
2dˆabc (C.2)
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In U(Nf ) we have also the U(1) generator T
0 = 1 /
√
Nf and dˆ
abc = dabc if all the indices
represent SU(Nf ) generators, while dˆ
0ab =
√
2/Nfδ
ab if one of the indices correspond to
the U(1) generator.
For A and B arbitrary matrices, the Chan-Paton factors satisfy the following relation:∑
a
Tr(AT a)Tr(T aB) = Tr(AB) (C.3)
that is useful to study the factorization properties of the residues at the poles.
D Linear and non-linear sigma model
In this Appendix we review the relevant scattering amplitudes in the linear and non-linear
σ-models to be compared with the amplitudes computed in this paper from our proposed
model.
The Lagrangian of the SO(4) linear σ-model is equal to
L = −1
2
(∂~Π)2 − 1
2
(∂s)2 − V (~Π, s) (D.1)
where ~Π = (Π1,Π2,Π3) and the potential reads
V (~Π, s) =
λ
4
(~Π2 + s2)2 +
µ2
2
(~Π2 + s2) + c s (D.2)
The first two terms of the potential are SO(4) invariant, while the last term breaks explicitly
the SO(4) symmetry. If µ2 < 0 the minimum of the potential requires a non-vanishing
vacuum expectation value for the field s: 〈s〉 = v that spontaneously breaks the SO(4)
symmetry. The minimum of the potential is given by c + v(µ2 + λv2) = 0. After the
breaking of the SO(4) symmetry, the vev v, the masses of the fluctuation σ = s− v and Π
can be used instead of λ, µ2 and c to parametrise the potential. We get
V (Π, σ) =
m2σ
2
σ2+
m2pi
2
~Π2+
∆m2
2v
σ~Π2+
∆m2
2v
σ3+
∆m2
8v2
σ4+
∆m2
4v2
σ2~Π2+
∆m2
8v2
(~Π2)2 (D.3)
where ∆m2 =m2σ −m2Π. From the Lagrangian in (D.1) with the previous potential we can
compute the two three-point amplitudes
A(LσM)pipiσ = −
∆m2
v
δi1i2 , A(LσM)σσσ = −
3∆m2
v
(D.4)
and the three four-point amplitudes
A(LσM)σσσσ = −
3∆m2
v2
[
1 +
3∆m2
s−m2σ
+
3∆m2
t−m2σ
+
3∆m2
u−m2σ
]
(D.5)
A(LσM)σσpipi = −
∆m2
v2
δi3i4
[
3
s−m2pi
s−m2σ
+
t−m2σ
t−m2pi
+
u−m2σ
u−m2pi
]
(D.6)
A(LσM)pipipipi = −
∆m2
v2
[
s−m2pi
s−m2σ
δi1i2δi3i4 +
t−m2pi
t−m2σ
δi1i4δi2i3 +
u−m2pi
u−m2σ
δi1i3δi2i4
]
(D.7)
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The last two amplitudes have Adler zeroes. The flavour-ordered amplitude associated to
the last amplitude reads
A(LσM)[1, 2, 3, 4] = −∆m
2
2v2
[
s−m2pi
s−m2σ
+
t−m2pi
t−m2σ
]
(D.8)
Let us now consider a SU(N) non-linear σ-model given by the lagrangian
L =F
2
pi
4
Tr[U−1∂µUU−1∂µU ] +
m2piFpi
2
√
2
Tr[U + U †] (D.9)
U(Πa) =
Fpi√
2
exp
(
i
√
2
Fpi
Πa Ta
)
(D.10)
Expanding the exponentials, all the terms with an odd number of pions cancel. The first
interaction term of the expansion yields a quartic interaction. Therefore the first non-trivial
flavour-ordered amplitude is the four-point amplitude
A(NLσM)[1, 2, 3, 4] =
s+ t− 2m2pi
2F 2pi
(D.11)
The previous amplitude vanishes at s= t=m2pi. When we have SU(2) as flavour group the
full amplitude can be written as
A
(NLσM)
4pi = δ
i1i2δi3i4
s−m2pi
F 2pi
+ δi1i3δi2i4
u−m2pi
F 2pi
+ δi1i4δi2i3
t−m2pi
F 2pi
(D.12)
This amplitude matches the amplitude (D.7) in the limit m2σ →∞, where the σ meson is
integrated out, if we choose
v2 = F 2pi (D.13)
The next non-trivial amplitude is the six-point amplitude given by
A
(NLσM)
6pi [1, 2, 3, 4, 5, 6] =
1
4F 4pi
[
s12+s23+s34+s45+s56+s16+
−(s12+s23)(s34+s45)
s123
−(s23+s34)(s45+s56)
s234
−(s34+s45)(s56+s16)
s345
]
(D.14)
E Six-pion amplitude field theory limit
In this Appendix we give some detail on the calculation of the field theory limit of the six-
pion flavour-ordered amplitude (4.3). The general strategy can be summarized as follows:
first we write the amplitude in a more convenient parametrization, then we expand the
amplitude using the binomial series, compute the world-sheet integrals and pick up the
relevant terms for the leading term in the α′-expansion and finally we re-sum the series. In
the α′-expansion of the world-sheet integrals we keep terms up to α′1 since C6-pt ∼ α′−1.
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Let us start introducing a different parametrization8 for the amplitude in Eq. (4.3)
which manifestly shows all the planar channels. We introduce six variables Xi associated to
the two-particle channels (i, i+ 1), with i = 1, . . . , 6, and three variables Yj , with j = 1, 2, 3,
related to the three-particle channels (j, j+ 1, j+ 2). When one of these variables vanishes
the poles in the correspondent channel are made manifest.
In Eq. (4.3), the variables α, β and γ can be directly identified with X1, Y1 and X5
respectively. The terms which are not a power of one of these three variables, like (1− . . . ),
can be directly replaced by products of the new variables as follow
(1− α) = X2X6Y2 (1− β) = X3X6Y2Y3 (1− γ) = X4X6Y3 (E.1)
(1− αβ) = X6Y2 (1− βγ) = X6Y3 (1− αβγ) = X6 (E.2)
The logic of these replacements is related to which channel each single term contributes. For
instance the term (1−α) can contribute to the channels (2, 3) (α→ 1), (2, 3, 4) (α, β → 1)
and (1, 6) (α, β, γ → 1), thus (1− α) = X2Y2X6.
Introducing six new variables we have to insert six delta-functions. Their presence
is necessary to avoid simultaneous poles in incompatible channels. These delta-functions
insure that, when one of variables vanishes, the variables associated to incompatible chan-
nels goes to one. In this way one avoids the simultaneous presence of poles in incompatible
channels. Since our starting amplitude in Eq. (4.3) is already written in terms of the
variables X1, X5 and Y1, the constraints for the remaining variables are the following:
∆ = δ(X2 +X1X3Y3 − 1)δ(X3 +X2X4Y1 − 1)δ(X4 +X3X5Y2 − 1)×
× δ(X6 +X1X5Y1 − 1)δ(Y2 +X1X4Y1Y3 − 1)δ(Y3 +X2X5Y1Y2 − 1) (E.3)
To complete the change of variable we have to multiply the integrand by the factor coming
from the integration measure
dα dβ dγ = (1−X1Y1)(1−X5Y1) ∆
6∏
i=1
dXi
3∏
j=1
dYj = X
2
6Y2Y3 ∆
6∏
i=1
dXi
3∏
j=1
dYj (E.4)
Collecting all the ingredients together we obtain
A6 =C6-pt
6∏
i=1
∫ 1
0
dXiX
−α′si i+1− 12
i
3∏
i=j
∫ 1
0
dYj Y
−α′si i+1 i+2
j ×∆
×
[(
α′s34 + 12
) (
α′s56 + 12
)
X1X3X5Y1Y2Y3
− α
′2s35s46
X1Y1Y3
+
α′s36
(
α′s45 + 12
)
X1X4Y1Y3
]
(E.5)
In order to go back to the previous representation involving X1, Y1 and X5 one must solve
the equations required by the delta-functions in Eq (E.3) obtaining the other variables in
8For more details on this parametrization and its application to tree-level amplitude of N massless open
strings see Ref. [36].
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terms of X1, Y1 and X5
X2 =
1−X1
1−X1Y1 , X3 =
(1− Y1)(1−X1X5Y1)
(1−X1Y1)(1−X5Y1) , X4 =
1−X5
1−X5Y1 (E.6)
X4 =
1−X5
1−X5Y1 , X6 = 1−X1X5Y1 , Y2 =
1−X1Y1
1−X1X5Y1 , Y3 =
1−X5Y1
1−X1X5Y1
Notice that the incompatibility relations for the variables X1, X5 and Y1 (for instance
Y1 + X3X6Y2Y3 = 1), which are not directly imposed by the explicit delta functions, are
also valid. One can prove them combining the relations in Eq. (E.6).
Using the six delta-functions we can choose to have (X2,X6,Y2) or (X1,X3,Y3) as in-
dependent variables instead of (X1,X5,Y1) as in Eq. (4.3). For the first choice we get
AX2X6Y26 =C6-pt
∫ 1
0
dX2 dY2 dX6X
−α′s23− 12
2 (1−X2)−α
′s34− 12Y −α
′s234
2 (1−Y1)−α
′s45− 12 (E.7)
×X−α
′s16− 12
6 (1−X6)−α
′s56− 12 (1−X2Y2)−α′s35(1−X6Y2)−α′s46(1−X2X6Y2)−α′s36
×
[(
α′s34 + 12
) (
α′s56 + 12
)
(1−X2)(1−X6)Y2 −
α′2s35s46
(1−X2Y2)(1−X6Y2) +
α′s36
(
α′s45 + 12
)
(1−X2X6Y2)(1− Y2)
]
Notice that this amplitude has the same structure of the amplitude in Eq. (4.4) up to a
cyclic permutation. The second choice of variables, (X1,X3,Y3), yields instead
AX1X3Y36 =C6-pt
∫ 1
0
dX1 dY3 dX3X
−α′s12− 12
1 (1−X1)−α
′s16− 12Y −α
′s345
3 (1−Y3)−α
′s56− 12
×X−α
′s34− 12
3 (1−X3)−α
′s45− 12 (1−X1Y3)−α′s15(1−X3Y3)−α′s46(1−X1X3Y3)−α′s14
×
[(
α′s34 + 12
) (
α′s56 + 12
)
X1X3(1− Y3)Y3 −
α′2s35s46
X1Y3(1−X3Y3) +
α′s36
(
α′s45 + 12
)
X1Y3(1−X3)
]
(E.8)
which has a structure similar to Eq. (4.3).
The amplitude in Eq. (E.5) shows the presence of massless and (appearently) tachy-
onic poles in incompatible three- and two-particle channels respectively, which can lead
to ambiguous divergences in the α′-expansion. The new parametrizations allow us to ma-
nipulate the integrand in order to only have massless poles in compatible channels. This
follows from the incompatibility relations in Eq. (E.3). For instance, in the second term
of Eq. (E.5), there are massless poles in the channels (1, 2, 3) and (3, 4, 5), which are not
compatible. Using the relation Y3 +X2X5Y1Y2 = 1, we can separate them as follow
1
X1Y1Y3
=
1
X1Y1
+
X2X5Y2
X1Y3
(E.9)
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Applying this procedure to all the three integrals in Eq. (E.5) we get
1
X1X3X5Y1Y2Y3
=
1
X1X3X5
+
1
X1X5Y1
+
1
X3X5Y2
+
1
X1X3Y3
+
− 1
X1
− 1
X3
− 1
X5
+X2X4X6Y1Y2Y3 (E.10)
1
X1Y1Y3
=
1
X1Y1
+
1
X1Y3
−X4
X1
−X3X5Y2 (E.11)
1
X1X4Y1Y3
=
1
X1X4Y1
+
1
X1X4Y3
− 1
X1
− 1
X4
+1 (E.12)
Some of these integrals are related by cyclic transformations or reflections. Therefore,
in order to compute the limit α′ → 0 it is enough to only consider the following seven
integrands
1
X1X3X5
,
1
X1X4Y1
,
1
X1X5Y1
,
1
X1Y1
,
1
X1
, 1 , X2X4X6Y1Y2Y3 (E.13)
In Eq. (E.11) we keep only 1X1Y1 because the numerator is proportional to α
′2 and there is
a massless pole. Thus this is the only term in Eq. (E.11) that can produce a simple power
of α′.
All the chosen relevant integrals in Eq. (E.13) have a massless pole in the channel
(1, 2, 3) or none. Therefore, we can use the variables (X1, X5, Y1) and integrate over all
the other variables using the delta-functions. For each integral the α′-expansion generates
several terms which have to be summed. In the following we will explicitly show only the
simplest non-trivial case.
E.1 An example: 1/X1X5Y1
The integral that we want to expand, up to order α′1, is the following
IX1X5Y1 =
∫ 1
0
6∏
i=1
dXiX
−α′si i+1− 12
i
3∏
i=j
dYj Y
−α′si i+1 i+2
j
∆
X1X5Y1
= (E.14)
=
∫ 1
0
dX1 dY1 dX5X
−α′s12− 32
1 (1−X1)−α
′s23− 12Y −α
′s123
1 (1− Y1)−α
′s34− 12
×X−α
′s56− 32
5 (1−X5)−α
′s45− 12 (1−X1Y1)−α′s24(1−Y1X5)−α′s35(1−X1Y1X5)−1−α′s25
The terms (1−X1Y1)−α′s24 , (1−X5Y1)−α′s35 and (1−X1X5Y1)−1−α′s25 can be expanded
using the binomial series. The integration over X1, X5 and Y1 is now trivial and we get
IX1X5Y1 =
∞∑
n,n¯,m=0
(−1)n¯+n
m!n!n¯!
Γ(12−α′s23)Γ(1−α′s24)Γ(12−α′s34)Γ(1−α′s35)Γ(12−α′s45)
Γ(1+α′s25)
×
× Γ(1+m+α
′s25)Γ(−12+m+n−α′s12)Γ(−12+m+n¯−α′s56)
Γ(12+m+n+n¯−α′(s34+s123))
× (E.15)
× Γ(m+n+n¯−α
′s123)
Γ(1−n−α′s24)Γ(1−n¯−α′s35)Γ[m+n−α′(s12+s23)]Γ[m+n¯−α′(s45+s56)]
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In the limit α′ → 0, we can put α′ = 0 in all the Γ functions in the first two lines obtaining
constant contributions. Those in the third line instead can yield non-trivial powers of α′.
The Γ function in the numerator is associated to the massless pole and yields a factor (α′)−1
when n= n¯=m= 0. The four Γ-functions in the denominator can separately yield a factor
of α′ in the numerator when the argument of these Γ functions vanish. This happens when
the following conditions are satisfied:
• Γ(1−n−α′s24) when n = 1 +N (with N ≥ 0)
• Γ(1−n¯−α′s35) when n¯ = 1 +N (with N ≥ 0)
• Γ[m+n−α′(s12+s23)] when m+n = 0
• Γ[m+n¯−α′(s45+s56)] when m+n¯ = 0
From the previous considerations, it follows that, in order to obtain the expansion at the
order (α′)1, we have to focus only on the following regions:
• m = n = n¯ = 0
• m,n > 1 and n¯ = 0
• m, n¯ > 1 and n = 0
• m > 1 and n = n¯ = 0
The contribution of the first region gives immediately
I
(I)
X1X5Y1
= −4α
′pi2 (s12 + s23) (s45 + s56)
s123
+O(α′2) (E.16)
In the second region, using the new variables N = n¯− 1 and M = m− 1 and the residue
of the Γ function at its poles
1
Γ(−N−α′s35) ∼ −α
′s35(−1)NN ! +O(α′2) , (E.17)
we can expand the series in α′ obtaining
I
(II)
X1X5Y1
= 2α′pi3/2s24
∞∑
N,M=0
Γ
(
M + 12
)
(N + 1)(2N + 2M + 3)Γ(M + 1)
=
= 2α′pi3/2s24
∞∑
M=0
Γ
(
M + 12
) [
ψ
(
M + 32
)
+ γE
]
(2M + 1)Γ(M + 1)
=
= 2pi3α′ s24 log 2 +O(α′2) (E.18)
where ψ(z) = Γ′(z)/Γ(z) is the Digamma function and γE = −Γ′(1) is the Euler-Mascheroni
constant. The contribution coming from the third region is similar
I
(III)
X1X5Y1
= 2pi3α′ log 2 s35 +O(α′2) (E.19)
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In the fourth region, as done previously, we introduce the new variable M = m − 1. The
expansion has several terms
I
(IV )
X1X5Y1
=
∞∑
M=0
[
4pi3/2α′(s34+s123)Γ
(
M+12
)
(2M+1)2Γ(M+1)
+
2pi3/2α′s25Γ
(
M+12
)
(2M+1)Γ(M+2)
+ (E.20)
+
2pi3/2 [1 + α′s25γE + α′(γE + log 4) (s23+s34+s45)] Γ
(
M + 12
)
(2M + 1)Γ(M + 1)
+
2pi3/2α′ (s25+s45+s56−s13) Γ
(
M + 12
)
ψ(M+1)
(2M+1)Γ(M + 1)
+
2pi3/2α′ (s12+s34+s123−s56) Γ
(
M + 12
)
ψ
(
M + 12
)
(2M + 1)Γ(M + 1)
]
Summing separately these contributions we obtain
I
(IV )
X1X5Y1
=pi3+8pi2α′s45G+2pi2α′(2s13−s56)(pi log 2−2G)+ (E.21)
+2pi2α′s25(4G+pi−2−pi log 2)+2pi3α′(s12+2s23+2s34) log 2
where G is Catalan constant9
G =
∞∑
n=0
(−1)n
(2n+ 1)2
=
i
2
[
Li2
(
1
2
− i
2
)
− Li2
(
1
2
+
i
2
)]
+
pi
8
log 2 (E.22)
Combining the contributions from all the regions we get
IX1X5Y1 =pi
3−4α′pi2 (s12+s23) (s45+s56)
s123
−2pi2α′ (s16+s34) (2−4G−pi+pi log 2) (E.23)
−2pi2α′ (s12+s23+s45+s56) (pi log 2−4G)+4pi2α′s123(pi log 2−2G)+
+2pi2α′ (s234+s345) (2+2pi log 2−4G−pi) +O(α′2)
Notice that the expansion above and the integral in Eq (E.14) share the reflection symme-
tries 1↔ 6, 2↔ 5 and 3↔ 4 of the external legs.
E.2 Expansions of all the relevant integrals
In the previous subsection we have explicitly shown how to proceed in the case of the third
term in Eq. (E.13). One should proceed in a similar way for the other six terms. Here we
just give the result of the α′-expansion of the integrals obtained from the seven terms in
Eq. (E.13):
1
X1X3X5
=−13pi
3
8
+α′
pi2
8
[
(s16+s23+s45)(−104G−23pi+124+26pi log 2)+
+(s12+s34+s56)(−104G−33pi+124+26pi log 2)+
−4(s123+s234+s345)(−26G−13pi+31+13pi log 2)
]
+O(α′2) (E.24)
9Its explicit expression suggests that G have transcendentality two. We thank Oliver Schlotterer for
posing the riddle.
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1X1X4Y1
= 0 +O(α′1) (E.25)
1
X1X5Y1
=pi3−2α′pi2
[
2
(s12+s23)(s45+s56)
s123
+(s16+s34)(2−4G−pi+pi log 2)+
+(s12+s23+s45+s56)(pi log 2−4G)−2s123(pi log 2−2G)+
−(s234+s345)(2+2pi log 2−4G−pi)
]
+O(α′2) (E.26)
1
X1Y1
= 0 +O(α′0) (E.27)
1
X1
=
pi3
2
−α′pi2
[
(s16+s23)(pi log 2−4G−2)+(s12+s45)(pi log 2−4G−pi
2
−2)+
+(s34+s56)(−4G+pi−2+pi log 2)−s234(−4G+pi−2+2pi log 2)+
−1
2
(s123+s345)(−8G+pi−4+4pi log 2)
]
+O(α′2) (E.28)
1 =pi3−2α′pi2
[
(s12+s16+s23+s34+s45+s56)(pi log 2−4G)+
−2(s123+s234+s345)(pi log 2−2G)
]
+O(α′2) (E.29)
X2X4X6Y1Y2Y3 =
pi3
8
−α′pi
2
8
[
(s16+s23+s45)(−8G−3pi+12+2pi log 2)+
+(s12+s34+s56)(−8G−5pi+12+2pi log 2)+
−4(s123+s234+s345)(−2G−pi+3+pi log 2)
]
+O(α′2) (E.30)
Notice that in order to compute the leading term in the α′-expansion of the six-pion
amplitude, for the integrals (E.27) and (E.25) it is enough to look at terms with powers of
α′ at most α′0 and α′−1 respectively because the correspondent numerators contain α′1 and
α′2 respectively. We have chosen the (linearly) independent basis {si,i+1, si,i+1,i+2} to show
that the integrals and their expansions share the same symmetries. With the expansion of
these seven integrals one can easily obtain the expansion of the other integrals shown in
Eqs. (E.10-E.12) using cyclical permutations and reflections.
Using the expansions of the integrals in Eqs. (E.10-E.12) in Eq. (E.5), the leading
term of the α′-expansion is given by
A6 = −α′pi2C6-pt
[
(s12+s23)(s34+s45)
s123
+
(s23+s34)(s45+s56)
s234
+
(s34+s45)(s56+s16)
s345
+
−(s12+s23+s34+s45+s56+s16)
]
+O(α′) (E.31)
that exactly reproduces the analogous amplitude in the non-linear σ-model (D.14) when
C6-pt is given by Eq. (4.6).
F Amplitudes extracted from the six-pion amplitude
In this Appendix we list some of the scattering amplitudes that can be obtained by fac-
torisation of the full six-pion amplitude. In the following we will assume that the flavour
group is U(Nf ).
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Starting from the six-pion amplitude, one can extract the three-point amplitudes in-
volving only ρ and/or σ factorizing all the pions in pairs. In this way one obtains:
Aσσσ =−
3ησ
√−C4-pt
2
√
2α′
d̂aσ1aσ2aσ3 (F.1)
Aσσρ =−
ηρ
√−C4-pt
2
faσ1aσ2aρ(p1 − p2)·ε3 (F.2)
Aσρρ = ησ
√−C4-pt√
2α′
d̂aσaρ1aρ2ε2·ε3 (F.3)
Aσρρ = ησ
√−C4-pt√
2α′
d̂aσaρ1aρ2ε2·ε3 (F.4)
Aρρρ = 2ηρ
√−C4-ptfaρ1aρ2aρ3 (ε1·ε2 ε3·p1 + ε2·ε3 ε1·p2 + ε1·ε3 ε2·p3) (F.5)
In the case of the U(2) flavour group, the amplitude Aσσρ vanishes being σ a singlet.
If we leave one pair of pions factorizing two pairs of pions only, we get the following
four-point amplitudes with ρ and/or σ and pions:
A2pi2σ =− C4-pt
4
[Tr(T pi1 T
pi
2 T
σ
3 T
σ
4 ) + Tr(T
pi
1 T
σ
4 T
σ
3 T
pi
2 )](1+2α
′t)
Γ(12 − α′s)Γ(−α′t)
Γ(12 − α′s− α′t)
+
− C4-pt
4
[Tr(T pi1 T
pi
2 T
σ
4 T
σ
3 ) + Tr(T
pi
1 T
σ
3 T
σ
4 T
pi
2 )](1+2α
′u)
Γ(12 − α′s)Γ(−α′u)
Γ(12 − α′s− α′u)
+
− C4-pt
4
[Tr(T pi1 T
σ
3 T
pi
2 T
σ
4 ) + Tr(T
pi
1 T
σ
4 T
pi
2 T
σ
3 )]
Γ(−α′t)Γ(−α′u)
Γ(−α′t− α′u) (F.6)
A2pi2ρ =α
′C4-pt[Tr(T pi1 T
pi
2 T
ρ
3 T
ρ
4 ) + Tr(T
pi
1 T
ρ
4 T
ρ
3 T
pi
2 )]×
×
[
(tε3·ε4−2k1·ε4k2·ε3)
Γ(12 − α′s)Γ(−α′t)
Γ(12 − α′s− α′t)
+ 2k2·ε4k1·ε3
Γ(12 − α′s)Γ(1− α′t)
Γ(32 − α′s− α′t)
]
+
+ α′C4-pt[Tr(T pi1 T
pi
2 T
ρ
4 T
ρ
3 ) + Tr(T
pi
1 T
ρ
3 T
ρ
4 T
pi
2 )]×
×
[
(uε3·ε4−2k1·ε3k2·ε4)
Γ(12 − α′s)Γ(−α′u)
Γ(12 − α′s− α′u)
+2k2·ε3k1·ε4
Γ(12 − α′s)Γ(1− α′u)
Γ(32 − α′s− α′u)
]
+
+ α′2C4-pt[Tr(T pi1 T
ρ
3 T
pi
2 T
ρ
4 ) + Tr(T
pi
1 T
ρ
4 T
pi
2 T
ρ
3 )]×
× (2uk1·ε4k2·ε3 + 2tk1·ε3k2·ε4 − tuε3·ε4)Γ(−α
′t)Γ(−α′u)
Γ(−α′t− α′u) (F.7)
A2pi1σ1ρ =
iησηρ
√
α′C4-pt√
2
[
[Tr(T pi1 T
pi
2 T
σ
3 T
ρ
4 )−Tr(T pi1 T ρ4 T σ3 T pi2 )]ε4·k1
Γ(12 − α′s)Γ(−α′t)
Γ(12 − α′s− α′t)
+
−[Tr(T pi1 T pi2 T ρ4 T σ3 )−Tr(T pi1 T σ3 T ρ4 T pi2 )]ε4·k2
Γ(12 − α′s)Γ(−α′u)
Γ(12 − α′s− α′u)
+
−[Tr(T pi1 T σ3 T pi2 T ρ4 )−Tr(T pi1 T ρ4 T pi2 T σ3 )](uε4·k1−tε4·k2)
Γ(−α′t)Γ(−α′u)
Γ(1− α′t− α′u)
]
(F.8)
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All these amplitudes inherit the Adler zeroes from the six-pion amplitude. The residues at
α′s= 12 and α
′t= 0 are consistent with the three-point amplitudes shown above.
The amplitudes in Eqs. (F.6), (F.7) and (F.8) can be used to find the spectrum at
the mass level m2 = 1/α′ and the three-point amplitudes involving the lighter particles
already found. Let us first consider the pi-σ scattering amplitude in Eq. (F.6). The residue
at α′t = 1 can be reconstructed considering the contribution of one scalar and two vectors
whose three-point amplitudes with pi and σ are the followings
Apiσp˜i = ηp˜i
3
√−C4-pt
4
√
α′
d̂apiaσap˜i (F.9)
Apiσa1 = ηa
√−C4-pt ε·kpi d̂apiaσaa1 (F.10)
Apiσh1 = ηh
√−C4-pt ε·kpi f̂apiaσah1 (F.11)
where ηp˜i, ηa and ηh are undetermined signs. In the U(2) case the first and second state
are isovectors and also their parity is respectively −1 and +1. Therefore they might be
interpreted as a massive pion p˜i and a a1 vector meson. The amplitude associated to the
third state vanishes in the U(2) case, therefore this state is a singlet. The parity of this
state is +1, thus it can be interpreted as a h1 vector meson.
From the amplitude involving one σ, one ρ and two pions in Eq. (F.8), we find the
coupling of these three states with pi and ρ:
Apiρp˜i = −ηρησηp˜i
√
−C4-pt
2
ε·kpif̂apiaρap˜i (F.12)
Apiρa1 = −ηρησηa
√
−C4-pt
2α′
ερ·εa f̂apiaρaa1 (F.13)
Apiρh1 = −ηρησηh
√
−C4-pt
4ap
(ερ·εh − 4α′ερ·kpiεh·kpi) d̂apiaσah1 (F.14)
In the pion-ρ scattering amplitude in Eq. (F.7), we find again p˜i and a1 coupled anti-
symmetrically to the external states. The t-channel contains h1 and also one more vector
coupled symmetrically. The residue is reconstructed if this vector couples to the pion and
the ρ meson as follows
Apiρω = 2ηω
√−α′C4-pt εµ1µ2µ3µ4εµ1ρ εµ2ω kµ3ρ kµ4ω d̂apiaρaω (F.15)
where ηω is another undetermined sign. In the U(2) case this state is a singlet and it has
parity −1. Therefore, it might be interpreted as the ω meson. Notice also that the ω meson
couples with pi and ρ via the µνρσ symbol as expected.
From the factorization of the six-pion amplitude in the three-pion channel at α′s123 = 1
we can obtain the scattering amplitude for the processes X → pipipi, where X can be p˜i, a1,
h1 and ω. The flavour-ordered amplitudes are the following
A[1pi, 2pi, 3pi, 4p˜i] = −ηp˜iησC4-pt
2
√
2
Γ(12 − α′s)Γ(12 − α′t)
Γ(−α′s− α′t) (F.16)
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A[1pi, 2pi, 3pi, 4a] = −ηaησC4-pt
√
α′√
2
εa·k2
Γ(12 − α′s)Γ(12 − α′t)
Γ(1− α′s− α′t) (F.17)
A[1pi, 2pi, 3pi, 4h] = −iηhησC4-ptα′3/2(sεh·k1 − tεh·k3)
Γ(12 − α′s)Γ(12 − α′t)
Γ(1− α′s− α′t) (F.18)
A[1pi, 2pi, 3pi, 4ω] = 2iηωηρC4-ptα
′3/2µνρσεµk1νk2ρk3σ
Γ(12 − α′s)Γ(12 − α′t)
Γ(1− α′s− α′t) (F.19)
As for the amplitudes in Eqs. (F.6), (F.7) and (F.8), these four amplitudes inherit the
Adler zeroes from the six-pion amplitude. The residues at α′s= 1/2 are consistent with
the three-point amplitudes shown above.
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